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On a Generalization of Normal,
Almost Normal and Mildly Normal Spaces—I

ERrRDAL EKICI AND TAKASHI NOIRI

ABSTRACT. In this paper, we introduce the notions of dp-normal spaces, al-
most dp-normal spaces, mildly dp-normal spaces, gdp-closed sets and the forms
of generalized §-preclosed functions. We obtain characterizations and the rela-
tionships of such normal spaces, properties of the forms of generalized
d-preclosed functions and preservation theorems.

1. INTRODUCTION

Levine [8] initiated the investigation of so-called g-closed sets in topological
spaces, since then many modifications of g-closed sets were defined and investi-
gated by a large number of topologists [1, 5, 14]. In 1996, Maki et al. [9] introduced
the concepts of gp-closed sets. On the other hand, the notions of p-normal spaces,
almost p-normal spaces and mildly p-normal spaces were introduced by Paul and
Bhattacharyya [15]; Navalagi [11]; Navalagi [11], respectively.

In this paper we introduce five sections. In the first section, second section and
third section, we introduce the notions of dp-normal spaces, almost dp-normal
spaces and mildly dp-normal spaces which are the generalized forms of p-normal
spaces, almost p-normal spaces and mildly p-normal spaces, respectively. Also, we
obtain characterizations and properties of such generalizations of normal spaces.
In fourth section, we introduce and study the concepts of gdp-closed sets and some
new forms of generalized d-preclosed functions. In the last section, we obtain the
relationships between dp-normal spaces and generalized J-preclosed functions.

2. PRELIMINARIES

In this paper, spaces always mean topological spaces on which no separation
axioms are assumed unless explicitly stated and f : (X,7) — (Y,0) (or simply
f:X —Y) denotes a function f of a space (X, 7) into a space (Y, o).

Let A be a subset of a space X. The closure and the interior of A are denoted
by cl(A) and int(A), respectively.
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Definition 1. A subset A of a space X is said to be:
(1) regular open [19] if A = int(cl(A)),
(2) a-open [12] if A C int(cl(int(A))),
(3) preopen [10] or nearly open [7] if A C int(cl(A)).

The complement of an a-open (resp. preopen, regular open) set is called
a-closed [12] (resp. preclosed [10], regular closed [19]). The intersection of all
a-closed (resp. preclosed) sets containing A is called the a-closure (resp. pre-
closure) of A and is denoted by a-cl(A) (resp. pcl(A)). The a-interior (resp.
preinterior) of A, denoted by a-int(A) (resp. pint(A)) is defined to be the union
of all a-open (resp. preopen) sets contained in A.

The d-interior [20] of a subset A of X is defined by the union of all regular open
sets of X contained in A and is denoted by d-int(A). A subset A is called §-open
[20] if A = §-int(A), i.e. a set is d-open if it is the union of regular open sets. The
complement of a d-open set is called d-closed. Alternatively, a set A of (X, 7) is
called d-closed [20] if A = 6-cl(A), where §-cl(A) = {x € X : Anint(cl(U)) # 0,
Ue€rand z € U}. A subset A of a space X is said to be d-preopen [16] if
A Cint(0-cl(A)).

The complement of a §-preopen set is said to be d-preclosed. The intersection
of all §-preclosed sets of X containing A is called the d-preclosure [16] of A and is
denoted by 0-pcl(A). The union of all §-preopen sets of X contained in A is called
the d-preinterior of A and is denoted by d-pint(A) [16]. A subset U of X is called
a d-preneighborhood of a point z € X if there exists a d-preopen set V' such that
x € V. .C U. Note that é-pcl(A) = AU cl(d-int(A)) and d-pint(A) = A N int (-
cl(A)).

The family of all §-preopen (J-preclosed, a-open, regular open, regular closed,
d-open, d-closed, preopen) sets of a space X is denoted by 6 PO(X) (resp. 6PC(X),
aO(X), RO(X), RC(X), 60(X), 6C(X), PO(X)). The family of all §-preopen
sets containing a point x is denoted by 0 PO(X, ). It is shown in [13] that O (X)
is a topology and it is stronger than given topology on X.

Definition 2. A space X is said to be prenormal [13] or p-normal [15] if for any
pair of disjoint closed sets A and B, there exist disjoint preopen sets U and V
such that A C U and B C V.

Definition 3. A space X is said to be almost normal [17] (resp. almost
p-normal [11]) if for each closed set A and each regular closed set B such that
AN B = (, there exist disjoint open (resp. preopen) sets U and V such that
AcCcUand BCV.

Definition 4. A space X is said to be mildly normal [18] (resp. mildly
p-normal [11]) if for every pair of disjoint regular closed sets A and B of X,
there exist disjoint open (resp. preopen) sets U and V such that A C U and
BcCV.
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Definition 5. A function f: X — Y is called
(1) R-map [4] if f~1(V) is regular open in X for every regular open set V of
Y,
(2) completely continuous [2] if f~(V) is regular open in X for every open
set V of Y.

3. Op-NORMAL SPACES

Definition 6. A space X is said to be dp-normal if for any pair of disjoint closed
sets A and B, there exist disjoint d-preopen sets U and V such that A C U and
BcCV.

Remark 1. The following implication holds for a topological space (X, 7):

normal = p-normal = {p-normal
None of these implications is reversible as shown by the following example.

Example 1. Let X = {a,b,c,d} and 7 = {X, @, {a},{c},{a,b},{a,c},{a,b,c},
{a,c,d}}. Then the space (X, 7) is dp-normal but not p-normal.

For the other implication the example can be seen in [13, 15].

Theorem 1. For a space X the following are equivalent:
(1) X is dp-normal,
(2) for every pair of open sets U and V whose union is X, there exist -
preclosed sets A and B such that ACU, BCV and AUB =X,
(3) for every closed set F and every open set D containing F', there exists a
d-preopen set U such that C C U C 6-pcl(U) C D.

Proof. (1) = (2) : Let U and V be a pair of open sets in a dp-normal space
X such that X = UUV. Then X \ U, X \ V are disjoint closed sets. Since X
is 0p-normal, there exist disjoint d-preopen sets U; and Vi such that X \ U C Uy
and X \V C Vi. Let A= X\U;, B=X\Vi. Then A and B are é-preclosed
sets such that AC U, BCV and AUB = X.

(2) = (3): Let C be a closed set and D be an open set containing C. Then
X\ C and D are open sets whose union is X. Then by (2), there exist d-preclosed
sets M; and My such that M; € X \ C and My C D and M; U Ms = X. Then
CCX\ M, X\DCX\Mand (X\ M) (X\ M)=0. Let

U:X\Ml andV:X\Mg.
Then U and V are disjoint d-preopen sets such that C C U € X \V C D. As
X\ V is d-preclosed set, we have 6-pcl(U) C X \V and C C U C § —pcl(U) C D.
(3) = (1) : Let €y and Cy be any two disjoint closed sets of X. Put

D = X\ Cy, then ConND ={. Cy C D where D is an open set. Then by (3),
there exists a d-preopen set U of X such that

CycUCéd—pcU)cCD.
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It follows that

CoCX\d—pcU)=1V,
say, then V is d-preopen and U NV = (. Hence, C; and Cs are separated by
d-preopen sets U and V. Therefore X is dp-normal. Il

Definition 7. A function f : X — Y is called strongly d-preopen if f(U) €
dPO(Y) for each U € §PO(X).

Definition 8. A function f : X — Y is called strongly d-preclosed if f(U) €
dPC(Y) for each U € §PC(X).

Theorem 2. A function f: X —'Y is strongly §-preclosed if and only if for each
subset B in'Y and for each §-preopen set U in X containing f~(B), there exists
a §-preopen set V' containing B such that f~*(V) C U.

Proof. (=) : Suppose that f is strongly d-preclosed. Let B be a subset of Y and
U € §PO(X) containing f~1(B). Put V =Y\ f(X\U), then V is a é-preopen set
of Y such that B C V and f~1(V) C U.

(<) : Let K be any d-preclosed set of X. Then f~}(Y\f(K)) c X\K and
X\K € §PO(X). There exists a §-preopen set V of Y such that Y\ f(K) C V
and f~}(V) c X\K. Therefore, we have f(K) D Y\V and K C f~1(Y\V).
Hence, we obtain f(K) =Y \V and f(K) is d-preclosed in Y. This shows that f
is strongly é-preclosed. a

Theorem 3. If f : X — Y is a strongly §-preclosed continuous function from a
dop-normal space X onto a space Y, then Y is dp-normal.

Proof. Let K| and K3 be disjoint closed sets in Y. Then f~!(K;) and f~'(K3)
are closed sets. Since X is dp-normal, then there exist disjoint d-preopen sets
U and V such that f~'(K1) C U and f~!'(K3) C V. By the previous theorem,
there exist d-preopen sets A and B such that K1 C A, Ko C B, f~1(A) C U and
f~Y(B) c V. Also, A and B are disjoint. Thus, Y is dp-normal. O

Definition 9. A function f : X — Y is said to be almost 5-preirresolute if
for each z in X and each d-preneighborhood V' of f(z), d-pcl(f~1(V)) is a o-
preneighborhood of z.

Lemma 1. Let f : X — Y be a function. Then f is almost §-preirresolute if and
only if f~1(V) C 6 — pint(6 — pel(f~1(V))) for every V € §PO(Y).

Theorem 4. A function f : X — Y is almost §-preirresolute if and only if
f(6—pcd(U)) Cd—pcl(f(U)) for every U € 6PO(X).

Proof. (=) : Let U € 6PO(X). Suppose y € § — pcl( (U)). Then there exists
V € §PO(Y,y) such that Vﬂf(U) = ). Hence f~1(V)nN U = (. Since U €
SPO(X), we have 6-pint(6 — pel(f~1(V))) N — pcl(U) = (. Then by Lemma 1,
fYV)N 6 — pcl(U) = B and hence V N f(§ — pcl(U)) = @. This implies that

y & f(0 —pc(U)).
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(<) :IfV € SPO(Y), then M = X\6—pcl(f~1(V)) € §PO(X). By hypothesis,
f(8 —pel(M)) C 6 — pcl(f(M)) and hence X \ § — pint(6 — pcl(f~1(V))) =
5—pel(M) C [ (6 —pel(f(M))) € = (5—pel (FX\ (V) € F-1(5—pel(¥'\
V) =YY \V) =X\ fY(V). Therefore , f~1(V) C 6 — pint(d —pcl(f~1(V))).
By Lemma 1, f is almost §-preirresolute. O

Theorem 5. If f: X — Y is a strongly §-preopen continuous almost d-preirre-
solute function from a dp-normal space X onto a space Y, then Y is dp-normal.

Proof. Let A be a closed subset of Y and B be an open set containing A. Then
by continuity of f, f~!(A) is closed and f~!(B) is an open set of X such that
f~YA) c f~YB). As X is dp-normal, there exists a 6-preopen set U in X such
that f~%(A) C U C 6 — pcl(U) C f~1(B) by Theorem 1. Then, f(f~!(A)) C
fU) C f(§ —pcl(U)) C f(f~1(B)). Since f is strongly d-preopen almost J-pre-
irresolute surjection, we obtain A C f(U) C § — pcl(f(U)) C B. Then again by
Theorem 1 the space Y is dp-normal. O

4. ALMOST 6p-NORMAL SPACES

Definition 10. A space X is said to be almost dp-normal if for each closed set A
and each regular closed set B such that AN B = (), there exist disjoint d-preopen
sets U and V such that AC U and BC V.

Remark 2. The following diagram holds for a topological space (X, 7):

normal = p-normal = dp-normal

I 4 4

almost normal =- almost p-normal =- almost Jp-normal

None of these implications is reversible as shown by the following example.

Example 2. Let X = {a,b,¢,d} and 7 = {X, @, {a}, {c},{a,b},{a,c},{a,b,c},
{a,c,d}}. Then the space (X, 7) is almost dp-normal but not almost p-normal.

For the other implication the example can be seen in the related papers.
Question: Clearly every dp-normal space is almost dp-normal. Does there exist
an almost dp-normal space which is not dp-normal?

Theorem 6. For a space X the following statements are equivalent:

(1) X is almost dp-normal,

(2) For every pair of sets U and V', one of which is open and the other is
regular open whose union is X, there exist -preclosed sets A and B such
that ACU, BCV and AUB =X,

(3) For every closed set A and every regular open set B containing A, there
exists a 0-preopen set V' such that ACV C 6 —pel(V) C B.

Proof. (1) = (2) : Let U be an open set and V' be a regular open set in an
almost dp-normal space X such that UUV = X. Then (X \U) is a closed set and
(X'\ V) is a regular closed set with (X \U)N (X \V) = 0. By almost dp-normality
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of X, there exist disjoint d-preopen sets Uy and Vi such that X \ U C U; and
X\VcVi. Let A= X \U; and B = X\ Vj. Then A and B are §-preclosed sets
such that ACU, BCV and AUB = X.

(2) = (3) : Let A be a closed set and B be a regular open set containing A.
Then X \ A is open and B is regular open sets whose union is X. Then by (2),
there exist d-preclosed sets M; and My such that M; € X \ A and My C B and
MiUM; =X. Then AC X\ M, X\BC X\ M and (X \ M;)N(X\ M) =0.
Let U = X\ M; and V = X \ My.Then U and V are disjoint d-preopen sets such
that ACU C X\ V C B. As X \ V is d-preclosed set, we have d-pcl(U) C X \V
and ACU Cd0—pcU) CB.

(3) = (1) : Let A; and A2 be any two disjoint closed and regular closed
sets, respectively. Put D = X \ Ay, then Ao,N D = (. Ay C D where D is a
regular open set. Then by (3), there exists a J-preopen set U of X such that
Ay cU Cd—pc(U) C D. It follows that As C X \ 6 — pcl(U) = V say, then V
is 6-preopen and U NV = (). Hence, A; and Ay are separated by d-preopen sets
U and V. Therefore X is almost dp-normal. O

Theorem 7. If f: X — Y is a continuous strongly 6-preopen R-map and almost
d-preirresolute surjection from an almost dp-normal space X onto a space Y, then
Y is almost dp-normal.

Proof. Similar to Theorem 5. g

Corollary 1. If f : X — Y is a completely continuous strongly §-preopen and
almost d-preirresolute surjection from an almost dp-normal space X onto a space
Y, then Y is almost dp-normal.

5. MILDLY dp-NORMAL SPACES

Definition 11. A space X is said to be mildly dp-normal if for every pair of
disjoint regular closed sets A and B of X, there exist disjoint d-preopen sets U
and V such that AC U and B C V.

Remark 3. The following diagram holds for a topological space (X, 7):

normal = p-normal = dp-normal
Y \ 4
almost normal = almost p-normal = almost dp-normal
U \ \

mildly normal = mildly p-normal = mildly §p-normal

Question: Clearly every almost dp-normal space is mildly dp-normal. Does there
exist a mildly dp-normal (resp. mildly dp-normal) space which is not mildly p-
normal (resp. almost dp-normal)?

Theorem 8. For a space X the following are equivalent:

(1) X is mildly ép-normal,
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(2) For every pair of reqular open sets U and V whose union is X, there exist
d-preclosed sets G and H such that G CU, H CV and GUH = X,

(3) For any regular closed set A and every regular open set B containing A,
there exists a 0-preopen set U such that AC U C § — pcl(U) C B,

(4) For every pair of disjoint regular closed sets A and B, there exist 0-preopen

sets U and V such that AC U, BCV and § — pcl(U) N — pcl(V) = 0.
Proof. Similar to Theorem 1. O

Theorem 9. If f : X — Y is an strongly d-preopen R-map and almost 0-
preirresolute function from a mildly dp-normal space X onto a space Y, then
Y is mildly dp-normal.

Proof. Let A be a regular closed set and B be a regular open set containing A.

Then by R-map of f, f~!(A) is a regular closed set contained in the regular open

set f~1(B). Since X is mildly §p-normal, there exists a 6-preopen set V' such that
YA cVcd—pe(V)c fY(B)

by Theorem 8. As f is strongly d-preopen and an almost d-preirresolute surjection,
it follows that f(V) € 6PO(Y) and A C f(V) C 6 —pcl(f(V)) C B. Hence Y is
mildly dp-normal. a

Theorem 10. If f : X — Y is R-map, strongly §-preclosed function from a mildly
dp-normal space X onto a space Y, then Y is mildly dp-normal.

Proof. Similar to Theorem 3. O

6. g(sp—CLOSED SETS AND GENERALIZED FUNCTIONS

Definition 12. A subset A of a space (X, 7) is said to be g-closed [8] (resp. gp-
closed [9]) if cl(A) C U (resp. p-cl(A) C U) whenever A C U and U € 7. The
complement of g-closed (resp. gp-closed) set is said to be g-open (resp. gp-open).

Definition 13. A subset A of a space (X, 7) is said to be gdp-closed if §-pcl(A) C
U whenever A C U and U € 7. The complement of gdp-closed set is said to be

gdp-open.
Remark 4. The following diagram holds for any subset of a topological space
(X, 7):

d-preclosed = gdp-closed

) fr
preclosed = gp-closed
T fr
closed g-closed

None of these implications is reversible as shown by the following examples.

Example 3. Let X = {a,b,¢,d} and 7 = {X, @, {a}, {c}, {a,b},{a,c}, {a,b,c},
{a,c,d}}. Then the set {a,d} is gdp-closed but it is not gp-closed. Let 7 =
{X,2,{b},{d},{b,d}}. Then the set {b,c} is gdp-closed but it is not J-preclosed.
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For the other implications the examples can be seen in [3, 9, 10, 16].

Definition 14. A function f: X — Y is said to be
(1) d-preclosed if f(K) is o-preclosed in Y for each closed set K of X,
(2) gop-closed if f(K) is gop-closed in Y for each closed set K of X.
Definition 15. A function f: X — Y is said to be

(1) quasi 0-preclosed if f(K) is closed in Y for each K € 6PC(X),
(2) dp-gép-closed if f(K) is gdp-closed in Y for each K € §PC(X),
(3) almost gdp-closed if f(K) is gop-closed in Y for each K € RC(X).

Remark 5. The following diagram holds for a function f: (X,7) — (Y, 0):
almost gdp-closed

()
dp-gdp-closed = gdp-closed
1) ()
strongly é-preclosed = é-preclosed
1) ()
quasi d-preclosed = closed

None of these implications is reversible as shown by the following examples.

Example 4. Let X = Y = {a,b,¢c,d} and 7 = 0 = {X,9,{a},{c}, {a,b},
{a,c},{a,b,c}, {a,c,d}}. Let f: (X,7) — (Y,0) be a function defined as fol-
lows: f(a) =a, f(b) =¢, f(c) =cand f(d) =d. Then f is almost gdp-closed but
it is not gdp-closed.

If we define the function f : (X,7) — (Y,0) as follows: f(a) = a, f(b) = a,
f(¢) = c and f(d) = d, then f is d-preclosed but it is not closed. If we define
the function f as follows: f(a) = ¢, f(b) = a, f(c) = ¢ and f(d) = d, then f
is 0-preclosed but it is not strongly é-preclosed. If we define the function f as
an identity function, then f is closed and strongly J-preclosed but it is not quasi
d-preclosed.

Example 5. Let X =Y = {a,b,¢,d} and 7 = 0 = {X, 2, {b},{d},{b,d}}. Let
f:(X,7) — (Y,0) be a function. If we define the function f : (X,7) — (Y,0)
as follows: f(a) = ¢, f(b) = d, f(c¢) = ¢ and f(d) = d, then f is dp-gop-closed
but it is not dp-dpg-closed. If we define the function f as follows: f(a) = a,
f(b) =a, f(c) =d and f(d) = d, then f is gdp-closed but it is neither dpg-closed
nor dp-gdp-closed.

Definition 16. A function f: X — Y is said to be ép-gdp-continuous if f~!(K)
is gdp-closed in X for every K € 6PC(Y).

Theorem 11. A function f : X — Y is dp-gép-continuous if and only if f~1(V)
is gdp-open in X for every V € 6PO(Y).

Theorem 12. If f : X — Y s closed 6p-gSp-continuous, then f~1(K) is gép-
closed in X for each gop-closed set K of Y.
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Proof. Let K be a gép-closed set of Y and U an open set of X containing f~1(K).
Put V =Y — f(X—U), then Visopenin Y, K C V,and f~!(V) C U. Therefore,
we have 6-pcl(K) C V and hence

FHUE) € 710 - pel(K)) € f7H(V) C U.

Since f is dp-gdp-continuous, f~!(d-pcl(K)) is gdp-closed in X and hence 6-
pel(f~1(K)) C d-pel(f~1(d-pcl(K))) C U. This shows that f~1(K) is gdp-closed
in X. O

Theorem 13. A function f : X — Y is dp-gdp-closed if and only if for each
subset B of Y and each U € §PO(X) containing f~'(B), there exists a gép-open
set V of Y such that BCV and f~1(V) C U.

Proof. (=) : Suppose that f is dp-gdp-closed. Let B be a subset of Y and U €
SPO(X) containing f~1(B). Put V =Y\ f(X\U), then V is a gép-open set of Y’
such that B C V and f~5(V) C U.

(<) : Let K be any é-preclosed set of X. Then f~!(Y\f(K)) C X\K and
X\K € 6PO(X). There exists a gdp-open set V of Y such that Y\f(K) C V
and f~1(V) ¢ X\K. Therefore, we have f(K) D Y\V and K C f~}{(Y\V).
Hence, we obtain f(K) = Y\V and f(K) is gdp-closed in Y. This shows that f
is dp-gdp-closed. O

Theorem 14. If f : X — Y is continuous dp-gdp-closed, then f(H) is gdp-closed
'Y for each gép-closed set H of X.

Proof. Let H be any gop-closed set of X and V an open set of Y containing f(H).
Since f~1(V) is an open set of X containing H, §-pcl(H) C f~1(V) and hence
f(9-pcl(H)) C V. Since f is dop-gop-closed and d-pcl(H) € JPC(X), we have
O-pcl(f(H)) C 6-pel(f(0-pcl(H))) C V. Therefore, f(H) is gép-closed in Y. O

Definition 17. A function f : X — Y is said to be d-preirresolute [6] if f~1(V) €
JPO(X) for every V € §PO(Y).

Remark 6. A §-preirresolute function is dp-gdp-continuous but not conversely.

Example 6. Let X =Y = {a,b,¢,d} and 7 = 0 = {X, 2, {b},{d},{b,d}}. Let
f:(X,7) = (Y,0) be a function defined as follows: f(a) =b, f(b) =d, f(c)=c¢
and f(d) =d. Then f is dp-gdp-continuous but it is not §-preirresolute.

Corollary 2. If f : X — Y is closed d-preirresolute, then f~1(K) is gop-closed
in X for each gép-closed set K of Y.

Theorem 15. Let f : X — Y and g:Y — Z be functions. Then
(1) the composition gof : X — Z is dp-gdp-closed if f is dp-gdp-closed and g
s continuous dp-gop-closed,
(2) the composition gof : X — Z is dp-gdp-closed if f is strongly 6-preclosed
and g is dp-gop-closed,
(3) the composition gof : X — Z is dp-gdp-closed if f is quasi d-preclosed and
g 1s gop-closed.
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Theorem 16. Let f: X — Y and g:Y — Z be functions and let the composition
gof : X — Z be dp-gdp-closed. Then, if f is an d-preirresolute surjection, then g
s Op-gdp-closed.

Proof. Let K € §PC(Y). Since f is d-preirresolute and surjective, f~1(K) €
SPC(X) and (gof)(f~Y(K)) = g(K). Therefore, g(K) is gép-closed in Z and
hence g is dp-gdp-closed. O

Theorem 17. Let f : X — Y and g:Y — Z be functions and let the composition
gof : X — Z be dp-gdp-closed. Then, if g is a closed dp-gép-continuous injection,
then f is dp-gdp-closed.

Proof. Let H € §PC(X). Then (gof)(H) is gép-closed in Z and g~*((gof)(H)) =
f(H). By Theorem 12, f(H) is gdp-closed in Y and hence f is dp-gdp-closed. O

7. FURTHER CHARACTERIZATIONS OF 5p—NORMAL SPACES

Lemma 2. A subset A of a space X is gdp-open if and only if FF C §-pint(A)
whenever F is closed and F C A.

Theorem 18. For a topological space X, the following are equivalent:

(a) X is dp-normal,

(b) for any pair of disjoint closed sets A and B of X, there exist disjoint
gép-open sets U and V' of X such that ACU and BCV,

(c) for each closed set A and each open set B containing A, there exists a
gop-open set U such that A C U C 6-pel(U) C B,

(d) for each closed set A and each g-open set B containing A, there exists a
d-preopen set U such that A C U C §-pcl(U) C int(B),

(e) for each closed set A and each g-open set B containing A, there exists a
gop-open set G such that A C G C d-pcl(G) C int(B),

(f) for each g-closed set A and each open set B containing A, there exists a
d-preopen set U such that cl(A) C U C -pel(U) C B,

(g) for each g-closed set A and each open set B containing A, there ezists a
gop-open set G such that cl(A) C G C é-pcl(G) C B.

Proof. (a) < (b) < (c) : Since every d-preopen set is gép-open, it is obvious.

(d) = (e) and (f) = (g) = (c) : Since every closed (resp. open) set is g-closed
(resp. g-open), it is obvious.

(¢) = (d) : Let A be any closed subset of X and B be a g-open set containing A.
We have A C int(B). Then there exists a gdp-open set G such that A C G C -
pcl(G) C int(B). Since G is gép-open, by Lemma 2 A C 6-pint(G). Put U = ¢-
pint(G), then U is é-preopen and A C U C 0-pcl(U) C int(B).

(e) = (f) : Let A be any g-closed subset of X and B be an open set containing
A. We have cl(A) C B. Then there exists a gdp-open set G such that cl(A) C
G C 6-pcl(G) C B. Since G is gdp-open and cl(A) C G, by Lemma 2 we have
cl(A) C 6-pint(G), put U = 6-pint(G), then U is §-preopen and cl(A) C U C 6-
pcl(U) C B. O
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Theorem 19. If f : X — Y is a continuous quasi d-preclosed surjection and X
s Op-normal, then Y is normal.

Proof. Let My and M, be any disjoint closed sets of Y. Since f is continuous,
f~Y(My) and f~1(My) are disjoint closed sets of X. Since X is dp-normal, there
exist disjoint Uy, Uy € dPO(X) such that f~Y(M;) C U; for i = 1, 2. Put
Vi =Y — f(X —U,;), then V; is open in Y, M; C V; and f~1(V;) C U; for i = 1,
2. Since U1 NUs; = @ and f is surjective, we have Vi N Vo = @. This shows that
Y is normal. O

Theorem 20. Let f : X — Y be a closed dp-gép-continuous injection. If Y is
dp-normal, then X is dp-normal.

Proof. Let N1 and Ny be disjoint closed sets of X. Since f is a closed injection,
f(N1) and f(N3) are disjoint closed sets of Y. By the dp-normality of Y, there
exist disjoint Vi, Vo € JPO(Y) such that f(INV;) C V; for i = 1, 2. Since f
is dp-gdp-continuous, f~1(V1) and f~1(V3) are disjoint gdp-open sets of X and
N; C f74(V;) for i = 1, 2. Now, put U; = §-pint(f~1(V;)) for i = 1, 2. Then,
U; € 6PO(X), N; C U; and Uy N Uy = @. This shows that X is dp-normal. O

Corollary 3. If f : X — Y 1is a closed §-preirresolute injection and Y is dp-
normal, then X is dp-normal.

Lemma 3. A function f : X — Y is almost gop-closed if and only if for each
subset B of Y and each U € RO(X) containing f~1(B), there exists a gép-open
set V of Y such that BCV and f~1(V) C U.

Lemma 4. If f : X — Y is almost gép-closed, then for each closed set M of Y
and each U € RO(X) containing f~1(M), there exists V € PO(Y) such that
MCV and f~1(V) CU.

Theorem 21. Let f : X — Y be a continuous almost gdp-closed surjection. If X
18 normal, then Y is dp-normal.

Proof. Let My and Ms be any disjoint, closed sets of Y. Since f is continuous,
f~Y(My) and f~1(M>) are disjoint closed sets of X. By the normality of X, there
exist disjoint open sets U; and Us such that f~1(M;) C U;, where i = 1, 2. Now,
put G; = int(cl(U;)) for i = 1, 2, then G; € RO(X), f~Y(M;) C U; C G; and
G1 N G2 = @. By Lemma 4, there exists V; € §PO(Y) such that M; C V; and
f~YV;) C Gy, where i = 1, 2. Since G; NGy = @ and f is surjective, we have
V1NV, = @. This shows that Y is dp-normal. O

Corollary 4. If f : X — Y is a continuous d-preclosed surjection and X 1is
normal, then Y is dp-normal.
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